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Analytical expressions describing the variability of effective constitutive parameters of non-
metallic metamaterials, as a function of the constituent geometric and material parameters and their
variations, have been developed from the total differential of Clausius-Mossotti expressions (using
Mie dipole polarizabilities) for the effective (bulk) constitutive parameters of the metamaterial. In
practice, these expressions are important for estimating the performance of a metamaterial with
particular variations in the parameters of its constituents that arise during the fabrication process,
and can be used to guard against extinction of desired double negative (DNG) behavior. With the
derived expressions, the effects of parameter variations on effective constitutive parameters of non-
metallic metamaterials have been analyzed for three types of metamaterials: (i) cubic arrays of
identical magnetodielectric spheres; (ii) cubic arrays of dielectric spheres with equal radius but two
different permittivities; and (iii) cubic arrays of dielectric spheres with equal permittivity but two
different radii. These effects are evaluated in terms of the calculated variations in values of the
effective constitutive parameters of the metamaterial in the vicinity of the DNG or single negative
(SNG) band for particular geometric and material parameters and their variations. Results show
that variation in the following parameters impacts DNG bandwidth. Listed in order from greatest to
least influence: (i) sphere radius; (ii) sphere permittivity and permeability; (iii) lattice constant of
the array; and (iv) the constitutive parameters of the array medium, all impact the width of the
achievable DNG band. For particular cases studied here, results also show that the DNG behavior
may be extinguished if there are 0.78%, 0.016%, and 0.016% variations in all parameters of
metamaterial types (i), (ii), and (iii), respectively, as defined above. For the design of non-metallic
metamaterials with inclusions, having arbitrary material parameters, in either periodic or random
arrangement, the presented results can give a qualitative guide on the level of fabrication tolerances
that should be achieved in order to observe the predicted SNG or DNG behavior experimentally.
VC 2013 American Institute of Physics. [http://dx.doi.org/10.1063/1.4790714]
I. INTRODUCTION
Metamaterials are artificial composite materials, consist-
ing of sub-wavelength building blocks, which can show
anomalous and exotic electromagnetic responses.1,2 When
the lattice constant is much smaller than the operating wave-
length, the composite can be treated macroscopically as a ho-
mogeneous medium with effective relative permittivity and
permeability, effr and l
eff
r . As the first metamaterials imple-
mented experimentally, metal-based metamaterials have
achieved rapid development from microwave to visible fre-
quencies in the last decade.1,2 To avoid the drawbacks of
metal-based metamaterials, such as conduction loss and ani-
sotropy, composites consisting of non-metallic scatterers em-
bedded in a low permittivity matrix have been proposed to
achieve metamaterials.3–6 This scheme usually achieves neg-
ative effective permittivity at the resonance(s) of the Mie
electric dipole scattering coefficient, negative effective per-
meability at the resonance(s) of the Mie magnetic dipole
scattering coefficient, and double negative (DNG) behavior
by overlapping resonances of Mie electric and magnetic
dipole scattering coefficients.5,7–18 In theory, metamaterials
are designed with geometric and electric parameters of the
building blocks identical to ideal values. In practice, how-
ever, these parameters exhibit variations due to non-ideal,
achievable fabrication tolerances, which may extinguish
DNG behavior. The purpose of this paper is to present an an-
alytical approach to assessing the effects of those parameter
variations on DNG behavior of non-metallic metamaterials.
For metal-based metamaterials, the effect of variation in
spacing between the electric ring resonator and the cut wire
on the absorbance of an absorbing metamaterial was ana-
lyzed using a statistics-based method in Ref. 19. The effects
of variations of the geometrical parameters and changes in
the background on the invisibility properties of the metama-
terial cloak were investigated in Ref. 20. The resonant
behaviors of metamaterials with elements disordered from
their initially periodic arrangement were studied in Refs. 21
and 22. As for non-metallic metamaterials, the influence of
size and permittivity distributions of spherical particles on
the DNG characteristics of metamaterial was analyzed in
Refs. 23 and 24. Further, the effects of scatterer sizea)Electronic mail: 20002000.leon@gmail.com.
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variations on the reflection and transmission properties of a
metafilm were investigated in Ref. 25. None of these works,
however, give explicit analytical expressions for the variabil-
ity of effective constitutive parameters of the metamaterial
as a function of the constituent geometric and material pa-
rameters and their variations.
This paper develops the Clausius-Mossotti relations
(using Mie dipole polarizabilities) for effective constitutive
parameters of two types of non-metallic metamaterials: a
cubic array of identical magnetodielectric spheres and a
cubic array of two different magnetodielectric spheres.
Explicit analytical expressions for the variability of effective
constitutive parameters as a function of the geometric and
material parameters of the spheres, the matrix and their var-
iations are developed from the total differential of the
Clausius-Mossotti relations. According to these expressions,
the effects of parameter variations on the effective constitu-
tive parameters are analyzed for three types of non-metallic
metamaterials: (i) cubic arrays of identical magnetodielectric
spheres; (ii) cubic arrays of dielectric spheres with equal ra-
dius but two different permittivities; and (iii) cubic arrays of
dielectric spheres with equal permittivity but two different
radii. Here, the term “magnetodielectric” refers to spheres
with relative permittivity and permeability both greater than
one, or purely dielectric/magnetic spheres.13,26 (Reference
13 contains a considerable number of mostly typographical
mistakes which have been corrected in Ref. 27.)
The paper is arranged as follows. Sec. II gives the expres-
sions for variability of effective constitutive parameters of non-
metallic metamaterials. The presented expressions are tested in
Sec. III for particular cases. Comparisons of the effects of dif-
ferent parameters and of different combinations of parameter
variations are presented in Sec. IV. The Appendix gives the an-
alytical expressions for the derivatives of Mie dipole scattering
coefficients with respect to different parameters.
II. THEORY
A. Cubic arrays of identical magnetodielectric
spheres
Magnetodielectric spheres with relative permittivity r1,
relative permeability lr1, and radius a are arranged on a cubic
lattice with lattice constant d, Fig. 1. The matrix medium has
relative permittivity r3 and relative permeability lr3 (the sub-
script “3” is chosen so that “2” is reserved for a second type
of sphere mentioned later, see Fig. 2 in Sec. IIB). When the
lattice constant is much smaller than the operating wave-
length, k0d; bd  1,11 the array can be treated macroscopi-
cally as a homogeneous medium with effective relative
permittivity effr and effective relative permeability l
eff
r . Here,
k0d ¼ x ﬃﬃﬃﬃﬃﬃﬃﬃﬃ0l0p d and bd ¼ x ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃeffleffp d. effr can be
expressed in the form of Clausius-Mossotti formula [Eq.
(3.24) in Ref. 28]
effr  r3
effr þ 2r3
¼ na
3r30
; (1)
where r3 is the relative permittivity of the matrix medium, n
is the number density of the dipoles, a is the polarisability of
each inclusion (sphere), and 0 is the vacuum permittivity.
Multiply E0, which is the local, uniform, electric field excit-
ing a single sphere, on both sides of Eq. (1). Then, replacing
the vector quantities by their corresponding scalar ones gives
effr  r3
effr þ 2r3
E0 ¼ np
3r30
; (2)
where p is the moment of each electric dipole. Solving Eq.
(2) for effr gives
effr ¼ r3
2Bj þ 3
3 Bj (3)
with
B1 ¼ np
r30E0
; (4)
where j¼ 1, 2 depending on the number of types of magneto-
dielectric spheres composing the array.
Equation (4) can be expressed as11
B1 ¼  6pib
sc
1
ðk0dÞ3ðr3lr3Þ1:5
; (5)
where bsc1 is the Mie electric dipole scattering coefficient
given by Eq. (A2), k0d ¼ x ﬃﬃﬃﬃﬃﬃﬃﬃﬃ0l0p d is the electrical lattice
FIG. 1. An array of identical spheres and unit cell geometry. FIG. 2. Two-sphere array and unit cell geometry.
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constant. Note that, in contrast with Eq. (76) in Ref. 11, effr
in Eq. (3) is relative to the vacuum permittivity 0 instead of
the matrix medium permittivity 3. Also note that kd in Eq.
(5) is expressed as k0
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
r3lr3
p
d in order to make r3 and lr3
explicit in Eq. (3). By doing so, it becomes easier to study
the effects of the variations of r3 and lr3 on 
eff
r and l
eff
r .
Expressions for the effective relative permeability leffr
can be obtained by replacing r3 and b
sc
1 in Eqs. (3) and (5),
respectively, by lr3 and a
sc
1 . a
sc
1 is the Mie magnetic dipole
scattering coefficient given by Eq. (A1).
When a metamaterial of the type shown in Fig. 1 is fab-
ricated, departure of effr and l
eff
r from their designed values
may arise due to variation in any of the following parame-
ters: k0a; r1; lr1; r3; lr3, and k0d. The electrical dimensions
k0a and k0d are regarded as parameters here instead of their
corresponding physical dimensions to simplify the differen-
tiations. Here, only these six parameters are taken into
account to simplify the analysis. In practice, other parame-
ters in addition to those six, such as surface morphology of
the spheres, may also affect the designed values of effr and
leffr . Based on the definition of the total differential,
29 the
variability in effr due to its dependent parameters and their
variations is given by
Deffr ¼
X
m
@effr
@m
Dm; (6)
where m ¼ k0a; r1; lr1; r3; lr3, and k0d. Similarly, the
expression for Dleffr can be obtained. Since the derivative
may have a negative sign after simple computation, the abso-
lute value of each component variability, jð@effr =@mÞDmj, is
used to describe the worst-case scenario. Note that the defini-
tion of the total differential requires that all of the dependent
parameters are independent. This requirement is met in
many cases, for the following reasons: (i) k0a and k0d are the
geometric parameters so that they have no correlation with
the other four material parameters; (ii) due to the fact that
spheres and matrix are fabricated independently, k0a and k0d
are independent of one another, and r1 and lr1 are independ-
ent from r3 and lr3; (iii) since there is no functional relation
between r1 ðr3Þ and lr1 ðlr3Þ, their variations are basically
due to some random effects, such as a small change in tem-
perature, in the synthesis process. So, r1 ðr3Þ and lr1 ðlr3Þ
have no correlation with each other. The six parameters are
not completely independent, however, especially when
approaching large values. For example, the effect of varia-
tion in k0a increases as ðr1lr1Þ=ðr3lr3Þ increases, especially
when a/d is large. For this reason, the following analysis is
more accurate under circumstances of lower contrast in ma-
terial properties and lower particle volume fraction. Also
note that, according to the definition of the total differential,
it is not required that jDðk0aÞj; jDr1j; jDlr1j; jDr3j; jDlr3j,
and jDðk0dÞj be small.
In Eq. (6), the derivatives of effr with respect to different
parameters are calculated as follows. For m ¼ k0a; r1; lr1;
lr3, and k0d,
@effr
@m
¼ 9r3ð3 BjÞ2
@ Bj
@m
(7)
with
@ B1
@m
¼  6piðk0dÞ3ðr3lr3Þ1:5
@bsc1
@m
(8)
for m ¼ k0a; r1, and lr1; further
@ B1
@lr3
¼  6piðk0dÞ3ðr3lr3Þ1:5
@bsc1
@lr3
 1:5ðlr3Þ1bsc1
 
; (9)
@B1
@ðk0dÞ ¼
18pibsc1
ðk0dÞ4ðr3lr3Þ1:5
: (10)
And
@effr
@r3
¼ 2Bj þ 3
3 Bj þ
9r3
ð3 BjÞ2
@ Bj
@r3
(11)
with
@B1
@r3
¼  6piðk0dÞ3ðr3lr3Þ1:5
@bsc1
@r3
 1:5ðr3Þ1bsc1
 
: (12)
To compute Dleffr , the derivatives of l
eff
r with respect to
different parameters are calculated as follows. For
m ¼ k0a; r1; lr1; r3, and k0d,
@leffr
@m
¼ 9lr3ð3 BjÞ2
@ Bj
@m
(13)
with
@B1
@m
¼  6piðk0dÞ3ðr3lr3Þ1:5
@asc1
@m
(14)
for m ¼ k0a; r1, and lr1; further
@B1
@r3
¼  6piðk0dÞ3ðr3lr3Þ1:5
@asc1
@r3
 1:5ðr3Þ1asc1
 
; (15)
@B1
@ðk0dÞ ¼
18piasc1
ðk0dÞ4ðr3lr3Þ1:5
: (16)
And
@leffr
@lr3
¼ 2Bj þ 3
3 Bj þ
9lr3
ð3 BjÞ2
@Bj
@lr3
(17)
with
@B1
@lr3
¼  6piðk0dÞ3ðr3lr3Þ1:5
@asc1
@lr3
 1:5ðlr3Þ1asc1
 
: (18)
In Eqs. (7)–(18), the derivatives of Mie dipole scattering
coefficients, asc1 and b
sc
1 , with respect to different parameters
are given in the Appendix.
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B. Cubic arrays of two different magnetodielectric
spheres
Two different magnetodielectric spheres are arranged on
a cubic lattice with lattice constant 2d and matrix medium
having relative permittivity r3, and relative permeability lr3,
Fig. 2. One set of spheres with radius a1, and relative permit-
tivity r1, and relative permeability lr1 will be referred to as
the “1-spheres,” and the other set of spheres with radius a2,
relative permittivity r2, and relative permeability lr2 will be
referred to as the “2-spheres.” Note that the arrangement of
the two-sphere array shown in Fig. 2 is one of the seven dif-
ferent arrangements analyzed in Refs. 26 and 30. The
Clausius-Mossotti formula gives identical result for different
arrangements because it accounts for the number of the elec-
tric dipoles of the 1-spheres and 2-spheres per unit cell vol-
ume, but not for their relative arrangement. Hence, different
arrangements of two-sphere arrays are not taken into account
here.
Similar to the case of the cubic arrays of identical mag-
netodielectric spheres treated in Sec. II A, the two-sphere
array can also be treated macroscopically as a homogeneous
medium with effective relative permittivity effr and effective
relative permeability leffr when the lattice constant is much
smaller than the operating wavelength, k0d; bd  0:5.13,26
The expression for effr in the case of the two-sphere arrays is
given by Eq. (3) with j¼ 2 and
B2 ¼  3piðb
sc
11 þ bsc12Þ
ðk0dÞ3ðr3lr3Þ1:5
; (19)
where bsc11 and b
sc
12 are the Mie electric dipole scattering coef-
ficients of the 1-spheres and 2-spheres, respectively, given
by Eq. (A2). A similar expression for leffr of two-sphere
arrays can be obtained by replacing r3 and b
sc
1i (i¼ 1, 2) in
Eqs. (3) and (19) by lr3 and a
sc
1i (i¼ 1, 2), respectively. asc1i is
the Mie magnetic dipole scattering coefficient given by Eq.
(A1).
The variability of effr and l
eff
r is a function of the follow-
ing parameters and their variations: k0a1; k0a2; r1; lr1;
r2; lr2; r3; lr3, and k0d. Here, only these nine parameters
are taken into account to simplify the analysis. Similar to the
case of the arrays of identical spheres, these parameters are
independent in many cases. Due to the increased complexity
of the system, the expression for Deffr in the case of the two-
sphere arrays, obtained by total differential of the Clausius-
Mossotti relations as described above, contains more terms
than in the case of arrays of identical spheres. Referring to
Eq. (6), now m ¼ k0a1; k0a2; r1; lr1; r2; lr2; r3; lr3, and
k0d. The expression for Dleffr in the case of the two-sphere
arrays can be obtained in a similar way.
The derivatives of effr with respect to different parame-
ters are computed as follows. For m ¼ k0a1; k0a2; r1; lr1;
r2; lr2; lr3, and k0d; @
eff
r =@m can be obtained by Eq. (7)
with
@ B2
@m
¼  3piðk0dÞ3ðr3lr3Þ1:5
@bsc11
@m
(20)
for m ¼ k0a1; r1; lr1;
@ B2
@m
¼  3piðk0dÞ3ðr3lr3Þ1:5
@bsc12
@m
(21)
for m ¼ k0a2; r2; lr2; further
@B2
@lr3
¼ 3piðk0dÞ3ðr3lr3Þ1:5
 @b
sc
11
@lr3
þ@b
sc
12
@lr3
 
1:5ðlr3Þ1ðbsc11þbsc12Þ
 
; (22)
@B2
@ðk0dÞ ¼
9piðbsc11 þ bsc12Þ
ðk0dÞ4ðr3lr3Þ1:5
: (23)
@effr =@r3 can be expressed as Eq. (11) with
@B2
@r3
¼  3piðk0dÞ3ðr3lr3Þ1:5
 @b
sc
11
@r3
þ @b
sc
12
@r3
 
 1:5ðr3Þ1ðbsc11 þ bsc12Þ
 
: (24)
The derivatives of leffr with respect to different parame-
ters are calculated as follows. For m ¼ k0a1; k0a2; r1; lr1;
r2; lr2; r3, and k0d; @l
eff
r =@m can be obtained by Eq. (13)
with
@ B2
@m
¼  3piðk0dÞ3ðr3lr3Þ1:5
@asc11
@m
(25)
for m ¼ k0a1; r1, and lr1;
@ B2
@m
¼  3piðk0dÞ3ðr3lr3Þ1:5
@asc12
@m
(26)
for m ¼ k0a2; r2, and lr2; further
@ B2
@r3
¼  3piðk0dÞ3ðr3lr3Þ1:5
 @a
sc
11
@r3
þ @a
sc
12
@r3
 
 1:5ðr3Þ1ðasc11 þ asc12Þ
 
; (27)
@ B2
@ðk0dÞ ¼
9piðasc11 þ asc12Þ
ðk0dÞ4ðr3lr3Þ1:5
: (28)
@leffr =@lr3 can be expressed as Eq. (17) with
@ B2
@lr3
¼  3piðk0dÞ3ðr3lr3Þ1:5
 @a
sc
11
@lr3
þ @a
sc
12
@lr3
 
 1:5ðlr3Þ1ðasc11 þ asc12Þ
 
: (29)
The derivatives of Mie dipole scattering coefficients
asc11; a
sc
12; b
sc
11, and b
sc
12 with respect to various parameters are
given in the Appendix.
III. VERIFICATION
In this section and Sec. IV, magnetodielectric spheres in
all the cases considered are lossless. In general, the effective
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constitutive parameters of a composite may be complex even
if the constituents are lossless.31–34 For the cases under
study, non-metallic metamaterials consisting of cubic arrays
of lossless magnetodielectric spheres, the effective constitu-
tive parameters are real away from the resonance regions,
and are complex in the resonance regions corresponding to
bandgaps in the dispersion diagram.3,11,13 However, the
focus of this work is on the lossless traveling waves (with
real wavenumber b) that can be supported by the array.
Hence, in all the cases under study, only the real parts of the
effective constitutive parameters calculated by the Clausius-
Mossotti expressions are considered. In the region of homog-
enization, k0d; bd  1 ðk0d; bd  0:5Þ for arrays of identical
spheres (two-sphere arrays), the real parts of the effective
constitutive parameters calculated here by Clausius-Mossotti
expressions, Eq. (3), are in good consistency with those,
which are real values, computed by Shore-Yaghjian formu-
las.11 Further, only the real part of each partial derivative of
an effective constitutive parameter with respect to a parame-
ter in Eq. (6) is considered so as to give a real variability of
effective constitutive parameters, eventually.
A. Clausius-Mossotti formulas
First, the Clausius-Mossotti expressions for the effective
constitutive parameters of non-metallic metamaterials con-
sisting of an array of identical spheres, Eqs. (3) and (5), and
an array of two types of spheres, Eqs. (3) and (19), are tested
by comparing the dispersion diagrams obtained by the fol-
lowing relation:11
b d
k0d
¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
effr l
eff
r
q
; (30)
with those calculated by MIT photonic-bands (MPB).35
MPB computes fully vectorial eigenmodes of Maxwell’s
equations with periodic boundary conditions by precondi-
tioned conjugate-gradient minimization of the block
Rayleigh quotient in a plane-wave basis.35 Since MPB can
only treat dielectric periodic structures, arrays considered in
this section are all of dielectric spheres. Fig. 3 shows the
dispersion diagram for an array of identical dielectric spheres
whose parameters are chosen to match those of the larger
sphere considered in a design example given in Refs. 23 and
36. The parameter values are provided in the figure caption.
This array does not support backward wave propagation but,
nonetheless, it can be used to test the effectiveness of the
presented Clausius-Mossotti formula. The two-sphere array
of Fig. 4 is a design example in Refs. 23 and 36, which
shows backward wave propagation in the vicinity of
k0d ¼ 0:8386. As shown in Figs. 3 and 4, good agreement is
achieved between the calculations of MPB and the formulae
presented herein, for these cases. Note that the MPB result
for the two-sphere array, Fig. 4, is shown only in the range
0 < bd < p=2, instead of 0 < bd < p, because, in MPB, the
lattice constant of this two-sphere array is set to be twice
the separation of adjacent spheres, i.e., d0 ¼ 2d, to guarantee
the translational symmetry in the x, y, and z directions. This
means that the size of the corresponding reciprocal lattice in
the Brillouin zone is halved.37
B. Expressions for the variabilities of effective
constitutive parameters
Next, the variabilities of effective constitutive parame-
ters of non-metallic metamaterials consisting of an array of
identical spheres and of a two-sphere array, Eq. (6), are
tested. In this section, the non-metallic metamaterials are
designed following the design procedure in Ref. 38 to
achieve a DNG behavior in the vicinity of k0d ¼ 0:4, which
meets the homogenization criteria of metamaterials consist-
ing of an array of identical spheres, k0d; bd  1, and of a
two-sphere array, k0d; bd  0:5. Deffr and Dleffr of an array
of identical spheres, Fig. 5, are computed by Eq. (6) and
compared with those calculated by expressions developed by
Mathematica. Good agreement is achieved. Using Mathema-
tica, the derivatives of effr and l
eff
r in Eq. (6) are obtained by
differentiating Eq. (3) with respect to k0a; r1; lr1; r3; lr3,
and k0d. Note that the expressions developed by Mathema-
tica are much more cumbersome than the presented ones.
FIG. 3. Comparison of dispersion diagrams for an array of identical spheres,
Fig. 1, obtained by formulas presented here, Eqs. (3), (5), and (30), with that
calculated by MPB.35 The 25 lowest bands computed by MPB are shown. In
this calculation, r1 ¼ 400; lr1 ¼ r3 ¼ lr3 ¼ 1, and a/d¼ 0.2672.
FIG. 4. Comparison of dispersion diagrams for a two-sphere array, Fig. 2,
obtained by formulas presented here, Eqs. (3), (19), and (30), with that cal-
culated by MPB.35 The 60 lowest bands computed by MPB are shown. In
this calculation, r1 ¼ r2 ¼ 400; lr1 ¼ lr2 ¼ r3 ¼ lr3 ¼ 1; a1=d ¼ 0:187,
and a2=d ¼ 0:2672.
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Further, Deffr and Dl
eff
r of a two-sphere array, Fig. 6, are
computed by Eq. (6) and compared with those calculated by
expressions developed by Mathematica. Again, good agree-
ment is achieved.
IV. RESULTS
In this section, the effects of parameter variations on the
effective constitutive parameters are analyzed for three types
of non-metallic metamaterials: (i) a cubic array of identical
magnetodielectric spheres; (ii) a cubic array of two types of
dielectric spheres with equal radius but different permittiv-
ities; and (iii) a similar array of two types of dielectric
spheres with equal permittivity but different radii. For each
of these, the effect of variation in individual parameters is
first compared. Then, the effects of different combinations of
parameter variations are analyzed. The two metamaterials
studied in Sec. III B are used as the reference cases in Secs.
IVA and IVB, respectively.
A. Cubic arrays of identical magnetodielectric
spheres
Utilizing Eq. (6), Deffr is calculated as one of
k0a; r1; lr1; r3; lr3, and k0d varies by 5% from its nominal
value, Table I. As shown in Fig. 7, variation of k0a has the
most significant effect on Deffr ; variation of k0d has the sec-
ond most significant effect on Deffr over the lower part of the
DNG band studied (k0d  0:4) and the fourth most signifi-
cant effect over the higher part of the DNG band studied
(k0d  0:4); variations of r1 and lr1 have similar effects on
Deffr , giving rise to the third most significant effects on D
eff
r
over the lower part of the DNG band studied (k0d  0:4) and
the second most significant effects over the higher part of the
DNG band studied (k0d  0:4); whereas variations of r3 and
lr3 have the least effects on D
eff
r . Hence, it is noted that vari-
ation in the parameters of the sphere (sphere radius, permit-
tivity, and permeability) perturbs the predicted behavior of
the DNG band more strongly than other parameters of the
system. Note that effects of the variations in k0a and k0d on
Deffr are exactly the same as those on Dl
eff
r since both nega-
tive effr and negative l
eff
r in the vicinity of the DNG band are
provided by the same magnetodielectric sphere embedded in
a simple cubic lattice, which has only one set of geometric
parameters: k0a and k0d.
In practical fabrication, it is expected that a metamate-
rial consisting of an array of identical spheres would exhibit
a combination of variations in its parameters, due to achieva-
ble fabrication tolerances. To analyze the effects of different
combinations of parameter variations on effective constitu-
tive parameters of the metamaterial in the vicinity of the
DNG band, the following parameter variations are studied,
Dm=m ¼ 0:78%, 3%, and 5% (m ¼ k0a; r1; lr1; r3; lr3,
and k0d), where variation of the six parameters is assumed to
FIG. 6. Comparisons of variabilities of effective relative permittivity (a),
and permeability (b), in the vicinity of the DNG band (k0d ¼ 0:4) of a meta-
material consisting of a two-sphere array, Fig. 2, computed by the formula
presented herein Eq. (6), with those calculated by expressions developed by
Mathematica. In this calculation, r1 ¼ 621:1; r2 ¼ 302:7; lr1 ¼ lr2 ¼ r3
¼ lr3 ¼ 1, and a1=d¼a2=d¼0:45;Dm=m¼5% with m¼k0a1; r1;lr1;k0a2;
r2;lr2; r3;lr3, and k0d.
TABLE I. The parameter with 5% variation (while others have no variation)
in each calculation of variability of effective constitutive parameters of a
non-metallic metamaterial consisting of an array of identical spheres, Fig. 1.
Calculation I II III IV V VI
Parameter k0a r1 lr1 r3 lr3 k0d
FIG. 5. Comparison of variabilities of effective constitutive parameters in
the vicinity of the DNG band (k0d ¼ 0:4) of a metamaterial consisting of an
array of identical spheres, Fig. 1, computed by the formula presented herein
Eq. (6), with those calculated by expressions developed by Mathematica. In
this calculation, r1 ¼ lr1 ¼ 23:9; r3 ¼ lr3 ¼ 1, and a/d¼ 0.45; Dm=m ¼
5% with m ¼ k0a; r1; lr1; r3; lr3, and k0d.
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be equal to each other. For each of these combinations, Deffr
is calculated from Eq. (6). The ideal value of effective rela-
tive permittivity, eff;idlr , is computed from Eq. (3). Based on
these results, the variation range of effr ,
eff;idlr  Deffr < effr < eff;idlr þ Deffr ; (31)
is obtained for each of these combinations, giving the shaded
areas in Fig. 8. Similarly, the variation range of leffr can be
obtained. It can be seen that the variation ranges increase as
the parameter variations increase. According to these results,
it is seen that the DNG behavior may be extinguished when
Dm=m  0:78% (m ¼ k0a; r1; lr1; r3; lr3, and k0d).
B. Cubic arrays of dielectric spheres with equal radius
but two different permittivities
In this section, a similar analysis to that described in
Sec. IVA is performed for an array of two types of dielectric
spheres, with equal radius but different permittivities,
arranged on the nodes of a simple-cubic lattice, Fig. 2. As
before, the variability of effective constitutive parameters of
the non-metallic metamaterial is computed by Eq. (6). In
each computation, one of k0a1; r1; lr1; k0a2; r2; lr2;
r3; lr3, and k0d is set to be 5% different from the nominal
value while other parameters have no variation, Table II.
The calculated Deffr and Dl
eff
r are shown in Fig. 9. Since the
negative effr ðleffr Þ is provided by the first resonance of Mie
electric (magnetic) dipole scattering coefficient of the
1-spheres (2-spheres), their parameter variations,
Dk0a1; Dr1, and Dlr1 (Dk0a2; Dr2, and Dlr2), have the
dominant effects on effr ðleffr Þ in the vicinity of the DNG
band. Hence, only the effects of parameter variations of
1-spheres (2-spheres) on effr ðleffr Þ are shown in Fig. 9 and
are analyzed in detail. As shown in Fig. 9(a): variation of
FIG. 7. Variabilities of effective relative permittivity in the vicinity of the
DNG band (k0d ¼ 0:4) of a non-metallic metamaterial consisting of a cubic
array of identical magnetodielectric spheres, Fig. 1, in each calculation,
Table I. Parameters of this array are as in Fig. 5. The equivalent plot for
Dleffr is not shown here since the only difference is that the effects of varia-
tions in r1; r3 and those of variations in lr; lr3 are interchanged.
FIG. 8. Ideal values and variation ranges of the effective relative permittiv-
ity and permeability for a non-metallic metamaterial consisting of a cubic
array of identical magnetodielectric spheres, Fig. 1. Dashed line: ideal val-
ues of effr and l
eff
r ; dark, medium, and light shaded areas: variation ranges
for Dm=m ¼ 0:78%, 3%, and 5% with m ¼ k0a; r1; lr1; r3; lr3, and k0d.
Other parameters are as in Fig. 5.
TABLE II. The parameter with 5% variation (while others have no varia-
tion) in each calculation of variabilities of effective constitutive parameters
of a non-metallic metamaterial consisting of a two-sphere array, Fig. 2.
Calculation I II III IV V VI VII VIII IX
Parameter k0a1 r1 lr1 k0a2 r2 lr2 r3 lr3 k0d
FIG. 9. Variabilities of effective relative permittivity (a), and permeability
(b), in the vicinity of the DNG band (k0d ¼ 0:4) of a non-metallic metamate-
rial consisting of a cubic array of dielectric spheres with equal radius but
two different permittivities, Fig. 2, in each calculation, Table II. Parameters
of this array are as in Fig. 6.
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k0a1 has the most significant effect on Deffr ; variations of r1
and lr1 have similar effects on D
eff
r , which are less than that
of k0a1; variation of k0d has the fourth most significant effect
on Deffr ; and variations of r3 and lr3 have the least effects
on Deffr . As shown in Fig. 9(b): variation of k0a2 has the
most significant effect on Dleffr ; variations of r2 and lr2
have similar effects on Dleffr , which are less than that of
k0a2; variations of lr3 and k0d have similar effects on Dl
eff
r ,
which are less than those of r2 and lr2; and variation of r3
has the least effect on Deffr .
To analyze the effects of different combinations of pa-
rameter variations on effr ðleffr Þ in the vicinity of the DNG
band, the following parameter variations are studied,
Dm=m ¼ 0:016%, 0.03%, and 0.1% (1.2%, 3%, and 5%) with
m ¼ k0a1; r1; lr1; k0a2; r2; lr2; r3; lr3, and k0d, are taken
into account. In each case, variations of the nine parameters
are assumed equal to each other. For each of these combina-
tions, the variation range of effr , Eq. (31), is obtained, giving
the shaded areas in Fig. 10. Similarly, the variation range of
leffr can be obtained. It can be seen that the variation ranges
increase as the parameter variations increase. The negative
effr ðleffr Þ may be extinguished when Dm=m  0:016% (1.2%)
with m ¼ k0a1; r1; lr1; k0a2; r2; lr2; r3; lr3, and k0d. Con-
sequently, the DNG behavior may be extinguished when
Dm=m  0:016%. Note that the negative effr of this metama-
terial is much more sensitive to parameter variations than
negative leffr . The reason for this is that the first resonance
of the Mie electric dipole scattering coefficient of the set of
1-spheres for which, in this calculation, r1 ¼ 621:1 and which
provides the negative effr , is narrower than the first resonance
of the Mie magnetic dipole scattering coefficient of the set of
2-spheres (r2 ¼ 302:7), which provides the negative leffr .
C. Cubic arrays of dielectric spheres with equal
permittivity but two different radii
Following the design procedure presented in Ref. 38, a
non-metallic metamaterial consisting of a cubic array of two
types of dielectric spheres with equal permittivity but differ-
ent radii is designed with parameters r1 ¼ r2 ¼ 621:1;
lr1 ¼ lr2 ¼ r3 ¼ lr3 ¼ 1; a1=d ¼ 0:45, and a2=d ¼ 0:31, to
yield DNG behavior in the vicinity of k0d ¼ 0:4, similar to
FIG. 10. Ideal values and variation ranges of the effective relative permittiv-
ity (a), and permeability (b), for a non-metallic metamaterial consisting of a
cubic array of dielectric spheres with equal radius but two different permit-
tivities, Fig. 2, with six combinations of parameter variations. Dashed line:
ideal values of effr (a), and l
eff
r (b); dark, medium, and light shaded areas:
variation ranges for Dm=m ¼ 0:016%, 0.03%, and 0.1% (a), 1.2%, 3%, and
5% (b) with m ¼ k0a1; r1; lr1; k0a2; r2; lr2; r3; lr3, and k0d. Other pa-
rameters are as in Fig. 6.
FIG. 11. Variabilities of effective relative permittivity (a), and permeability
(b), in the vicinity of the DNG band (k0d ¼ 0:4) of a non-metallic metama-
terial consisting of a cubic array of dielectric spheres with equal permittiv-
ity but two different radii, Fig. 2, in each calculation, Table II. In these
calculations, r1 ¼ r2 ¼ 621:1; lr1 ¼ lr2 ¼ r3 ¼ lr3 ¼ 1; a1=d ¼ 0:45, and
a2=d ¼ 0:31.
063501-8 Y. Li and N. Bowler J. Appl. Phys. 113, 063501 (2013)
Downloaded 06 Jun 2013 to 129.186.176.91. This article is copyrighted as indicated in the abstract. Reuse of AIP content is subject to the terms at: http://jap.aip.org/about/rights_and_permissions
the behavior of the metamaterials analyzed in Secs. IVA and
IVB.
Similar to the analysis in the first paragraph of Sec. IVB,
the effects of different parameters are compared for this meta-
material. As shown in Fig. 11(a): variation of k0a1 has the
most significant effect on Deffr ; variations of r1 and lr1 have
similar effects on Deffr , which are less than that of k0a1; varia-
tion of k0d has the fourth most significant effect on Deffr ; and
variations of r3 and lr3 have the least effects on D
eff
r . As
shown in Fig. 11(b): variation of k0a2 has the most significant
effect on Dleffr ; variations of r2 and lr2 have similar effects
on Dleffr , which are less than that of k0a2; variation of lr3 has
the fourth most significant effect on Dleffr ; and variations of
r3 and k0d have the least effects on Dleffr .
Similar to the analysis in the second paragraph of Sec.
IVB, the effects of different combinations of parameter var-
iations on effr and l
eff
r in the vicinity of the DNG band are
investigated for this metamaterial. As shown in Fig. 12, the
variation ranges increase as the parameter variations
increase. The negative effr ðleffr Þ may be extinguished when
Dm=m  0:016% (0.4%) with m ¼ k0a1; r1; lr1; k0a2;
r2; lr2; r3; lr3, and k0d. Hence, the DNG behavior may be
extinguished when Dm=m  0:016%. Note that the negative
effr of this metamaterial is more sensitive to parameter varia-
tions than negative leffr . The reason is that the first resonance
of Mie electric dipole scattering coefficient, which corre-
sponds to 1-spheres (a1=d ¼ 0:45) and provides negative
effr , is narrower than the first resonance of Mie magnetic
dipole scattering coefficient, which corresponds to 2-spheres
(a2=d ¼ 0:31) and provides negative leffr .
V. CONCLUSION
Considering constitutive parameters of the array me-
dium, the Clausius-Mossotti relations (using Mie dipole
polarizabilities) have been developed for calculating the
effective (bulk) constitutive parameters of two types of non-
metallic metamaterials: a cubic array of identical magnetodi-
electric spheres and a cubic array of two different dielectric
spheres. These relations have been tested by comparing their
dispersion diagrams with those calculated by MPB. Analyti-
cal expressions describing the variability of effective
constitutive parameters of non-metallic metamaterials, as a
function of the constituent geometric and material parame-
ters and their variations, have been developed from the total
differential of the derived Clausius-Mossotti relations. These
expressions have been verified by comparing their results
with those calculated by analytical expressions developed by
Mathematica. In practical fabrication, the presented analysis
is important for predicting the performance of a metamaterial
with particular variations in the parameters of its constitu-
ents, which arise due to achievable tolerance in the fabrica-
tion process, and can be used to guard against extinction of
desired DNG behavior. Based on this theory, the effects of
different parameters and of different combinations of param-
eter variations on effective constitutive parameters have
been analyzed for three types of metamaterials: (i) cubic
arrays of identical magnetodielectric spheres; (ii) cubic
arrays of dielectric spheres with equal radius but two differ-
ent permittivities; and (iii) cubic arrays of dielectric spheres
with equal permittivity but two different radii. These effects
are evaluated in terms of the computed variations in values
of the effective constitutive parameters of the metamaterial
in the vicinity of the DNG or single negative (SNG) band for
particular geometric and material parameters and their varia-
tions. Results show that variation in the following parameters
impacts DNG bandwidth. In order from most to least: (i)
sphere radius; (ii) sphere permittivity and permeability; (iii)
lattice constant of the array, and (iv) the constitutive parame-
ters of the array medium, all impact the width of the achieva-
ble DNG band. For particular cases studied here, results also
show that the DNG behavior may be extinguished if there
are 0.78%, 0.016%, and 0.016% variations in all parameters
of metamaterial types (i), (ii), and (iii), respectively, as
defined above. For the design of non-metallic metamaterials
with inclusions, having arbitrary material parameters, in ei-
ther periodic or random arrangement, the presented results
can give a qualitative guide on the level of fabrication toler-
ances that should be achieved in order to observe SNG or
DNG behavior experimentally. The extinction of DNG
FIG. 12. Ideal values and variation ranges of the effective relative permittiv-
ity (a), and permeability (b), for a non-metallic metamaterial consisting of a
cubic array of dielectric spheres with equal permittivity but two different
radii, Fig. 2, with six combinations of parameter variations. Dashed line:
ideal values of effr (a), and l
eff
r (b); dark, medium, and light shaded areas:
variation ranges for Dm=m ¼ 0:016%, 0.03%, and 0.1% (a), 0.4%, 1%, and
5% (b) with m ¼ k0a1; r1; lr1; k0a2; r2; lr2; r3; lr3, and k0d. Other pa-
rameters are as in Fig. 11.
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behavior at variances above an extremely tight fabrication
tolerance (0.016%) in all the geometric and material parame-
ters of the particular cases considered here suggests that fab-
rication of metamaterial types (ii) and (iii) may not be
realizable in practice.
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APPENDIX: ANALYTICAL EXPRESSIONS FOR MIE
DERIVATIVES
In this appendix, analytical expressions are developed
for the derivatives of Mie dipole scattering coefficients with
respect to the sphere radius, relative permittivity, and perme-
ability of both the sphere and medium. The full theoretical
development is presented in Ref. 39.
The Mie dipole scattering coefficients asc1 and b
sc
1 are
40
asc1 ¼ 
lr1w1ðm1xÞw10ðm2xÞ  lr2mw10ðm1xÞw1ðm2xÞ
lr1w1ðm1xÞn10ðm2xÞ  lr2mw10ðm1xÞn1ðm2xÞ
; (A1)
bsc1 ¼ 
lr1w1
0ðm1xÞw1ðm2xÞ  lr2mw1ðm1xÞw10ðm2xÞ
lr1w10ðm1xÞn1ðm2xÞ  lr2mw1ðm1xÞn10ðm2xÞ
; (A2)
where m1 ¼ ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃr1lr1p and m2 ¼ ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃr2lr2p are the real refractive
indices of the sphere and medium, respectively, in which ri
and lri (i¼ 1, 2) are the real relative permittivity and perme-
ability of the sphere (i¼ 1) and medium (i¼ 2); m ¼ m1=m2
is the refractive index of the sphere relative to the medium;
x ¼ k0a ¼ x ﬃﬃﬃﬃﬃﬃﬃﬃﬃ0l0p a is the electrical radius of the sphere,
given 0 and l0 are the permittivity and permeability of the
free space, a is the radius of the sphere; and the prime
denotes differentiation with respect to the argument of the
function. Note that ri and lri (i¼ 1, 2) defined in this Appen-
dix and the same notations in Sec. II are refer to different
physical parameters. Further,
w1ðzÞ  zj1ðzÞ and n1ðzÞ  zhð1Þ1 ðzÞ; (A3)
where w1ðzÞ and n1ðzÞ are Riccati-Bessel functions of order
1 defined in terms of the spherical Bessel function of the first
kind of order 1, j1ðzÞ, and the spherical Hankel function of
the first kind of order 1, h
ð1Þ
1 ðzÞ [chap. 4 in Ref. 41].
To obtain the analytical expressions for the derivatives
of asc1 and b
sc
1 , the following identities are used:
42,43
w1
0ðzÞn1ðzÞ  w1ðzÞn10ðzÞ ¼ i; (A4)
w1
00ðzÞn1ðzÞ  w1ðzÞn100ðzÞ ¼ 0; (A5)
w1
00ðzÞn10ðzÞ  w10ðzÞn100ðzÞ ¼ i 1
2
z2
 
; (A6)
where i is the imaginary unit
ﬃﬃﬃﬃﬃﬃ1p . Note that there should be
an extra minus sign on the right hand side of Eqs. (14) and
(17) in Ref. 43, which have been remedied in Eqs. (A4) and
(A6). Based on these expressions, the Mie derivatives are
obtained and shown in Eqs. (A7)–(A16).
@a1
@x
¼ i
lr2ðlr2  lr1Þ m
2
1
m2
½w10ðm1xÞ2 þ lr1lr2 m
2
1
m2
w1ðm1xÞw100ðm1xÞ þ l2r1m2½w1ðm1xÞ2 1 2ðm2xÞ2
h i
½lr1w1ðm1xÞn10ðm2xÞ  lr2mw10ðm1xÞn1ðm2xÞ2
8<
:
9=
;;
(A7)
@b1
@x
¼ i
lr1 lr1m2  lr2 m
2
1
m2
 
½w10ðm1xÞ2 þ lr1lr2 m
2
1
m2
w1ðm1xÞw100ðm1xÞ þ l2r2 m
2
1
m2
½w1ðm1xÞ2 1 2ðm2xÞ2
h i
½lr1w10ðm1xÞn1ðm2xÞ  lr2mw1ðm1xÞn10ðm2xÞ2
8<
:
9=
;; (A8)
@a1
@r1
¼ 0:5i
l2r1
ﬃﬃﬃﬃ
lr2
r2
q
xfw1ðm1xÞw100ðm1xÞ  ½w10ðm1xÞ2g þ l1:5r1
ﬃﬃﬃﬃﬃﬃﬃ
lr2
r1r2
q
w1ðm1xÞw10ðm1xÞ
½lr1w1ðm1xÞn10ðm2xÞ  lr2mw10ðm1xÞn1ðm2xÞ2
8<
:
9=
;; (A9)
@b1
@r1
¼ 0:5i
l2r1
ﬃﬃﬃﬃ
lr2
r2
q
xfw1ðm1xÞw100ðm1xÞ  ½w10ðm1xÞ2g  l1:5r1
ﬃﬃﬃﬃﬃﬃﬃ
lr2
r1r2
q
w1ðm1xÞw10ðm1xÞ
½lr1w10ðm1xÞn1ðm2xÞ  lr2mw1ðm1xÞn10ðm2xÞ2
8<
:
9=
;; (A10)
@a1
@lr1
¼ 0:5i
r1lr1
ﬃﬃﬃﬃ
lr2
r2
q
xfw1ðm1xÞw100ðm1xÞ  ½w10ðm1xÞ2g 
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
r1lr1lr2
r2
q
w1ðm1xÞw10ðm1xÞ
½lr1w1ðm1xÞn10ðm2xÞ  lr2mw10ðm1xÞn1ðm2xÞ2
8<
:
9=
;; (A11)
063501-10 Y. Li and N. Bowler J. Appl. Phys. 113, 063501 (2013)
Downloaded 06 Jun 2013 to 129.186.176.91. This article is copyrighted as indicated in the abstract. Reuse of AIP content is subject to the terms at: http://jap.aip.org/about/rights_and_permissions
@b1
@lr1
¼ 0:5i
r1lr1
ﬃﬃﬃﬃ
lr2
r2
q
xfw1ðm1xÞw100ðm1xÞ  ½w10ðm1xÞ2g þ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
r1lr1lr2
r2
q
w1ðm1xÞw10ðm1xÞ
½lr1w10ðm1xÞn1ðm2xÞ  lr2mw1ðm1xÞn10ðm2xÞ2
8<
:
9=
;; (A12)
@a1
@r2
¼ 0:5i
r1lr1
lr2
r2
 1:5
x½w10ðm1xÞ2 þ l2r1
ﬃﬃﬃﬃ
lr2
r2
q
x½w1ðm1xÞ2 1 2ðm2xÞ2
h i
 ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃr1lr2p lr1r2
 1:5
w1ðm1xÞw10ðm1xÞ
½lr1w1ðm1xÞn10ðm2xÞ  lr2mw10ðm1xÞn1ðm2xÞ2
8><
>:
9>=
>;; (A13)
@b1
@r2
¼ 0:5i
l2r1
ﬃﬃﬃﬃ
lr2
r2
q
x½w10ðm1xÞ2 þ r1lr1 lr2r2
 1:5
x½w1ðm1xÞ2 1 2ðm2xÞ2
h i
þ ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃr1lr2p lr1r2
 1:5
w1ðm1xÞw10ðm1xÞ
½lr1w10ðm1xÞn1ðm2xÞ  lr2mw1ðm1xÞn10ðm2xÞ2
8><
>:
9>=
>;; (A14)
@a1
@lr2
¼ 0:5i
r1lr1
ﬃﬃﬃﬃ
lr2
r2
q
x½w10ðm1xÞ2 þ l2r1
ﬃﬃﬃﬃ
r2
lr2
q
x½w1ðm1xÞ2 1 2ðm2xÞ2
h i
þ l1:5r1
ﬃﬃﬃﬃﬃﬃﬃﬃ
r1
r2lr2
q
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In Eqs. (A7)–(A16), the Riccati-Bessel functions and
their derivatives are evaluated as follows. Because the
Riccati-Bessel functions are solutions of the Riccati differen-
tial equation,44
z2w00ðzÞ þ ½z2  nðnþ 1ÞwðzÞ ¼ 0; (A17)
where n¼ 0, 61, 62…, the second order derivative of the
Riccati-Bessel functions of order 1 can be expressed as [Eq.
(38) in Ref. 43]
w1
00ðzÞ ¼ w1ðzÞ
2
z2
 1
 
: (A18)
Note that there should be an extra minus sign on the right
hand side of Eq. (38) in Ref. 43, which has been remedied in
Eq. (A18).
The first order derivative of Riccati-Bessel functions of
order 1 can be expressed utilizing the recurrence relation45
w1
0ðzÞ ¼ w0ðzÞ 
1
z
w1ðzÞ: (A19)
In addition, the recurrence relation for the Riccati-Bessel
functions of order 1 is
w1ðzÞ ¼
1
z
w0ðzÞ  w1ðzÞ; (A20)
where w1ðzÞ ¼ cos z; w0ðzÞ ¼ sin z; n1ðzÞ ¼ cos zþ i sin z,
and n0ðzÞ ¼ sin z i cos z. Note that Eqs. (A18)–(A20) also
hold for n1ðzÞ.
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